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Abstract

Precisely predicting the probability of default and prepayment for mortgages is

very important because the risks of default and prepayment should be priced during

the origination of mortgages and the transactions of mortgage-backed securities.

Knowing what factors aect households’ default choice and to what extent they

aect are also important because it will help the banks to control the risk and the

policy maker to improve social welfare.

I model the household’s decisions of default, prepayment and continuing to pay as

a single agent finite- horizon dynamic discrete choice problem in which the household

has an expectation of the economic state variables in the future based on the current

economic state variables. The decision is made based on comparing the instantaneous

benefit and the present value of the expected benefit flow in the future given the

current economic conditions across each choice. I use a simulation-based two-stage

estimating method. And the proxies for the intrinsic values of the embedded put

option for default and the embedded call option for prepayment are included in the

explanatory variables.
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This framework allows the model to predict the probability of each household

to default, prepay, or continue to pay in each period based on the current economic

conditions. And the result shows that it predicts more precisely than the conventional

static estimations do.

1 Introduction

In the current economic crisis, we can observe two significant phenomena in the

residential mortgage market: 1) high default rate (as shown in Figure 1); 2) low

interest rate and high prepayment rate (as shown in Figure 2). Precisely predicting

the probability of default and prepayment for mortgages is important because the

risks of default and prepayment should be priced during the following four stages: 1)

when the mortgage is originated by banks; 2) when the securitization trustees, such

as Fannie Mae and Freddie Mac, purchase mortgages from the banks; 3) when the

securitization trustees sell mortgage-backed securities to the investors ; 4) when the

mortgage-backed securities are traded in the secondary market.

Knowing what factors are aecting the households’ default choice and to what

extent they aect are also important because it could help the banks to control the

risk and the policy maker to improve social welfare. Once a mortgage is forced to go to

the foreclosure process, it will incur a large amount of judicial and transactional cost.

The household is also going to suer from losing their home. The high foreclosure

rate will also bring instability to the financial system.

In this paper, I model the household’s decisions of default, prepayment and con-
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tinuing to pay as a single agent finite- horizon dynamic discrete choice problem in

which the household has an expectation of the economic state variables in the fu-

ture based on the current economic state variables. The decision is made based on

comparing the instantaneous benefit and the present value of the expected benefit

flow in the future given the current economic conditions across each choice. Proxies

for the intrinsic values of the embedded put option for default and the embedded

call option for prepayment are included in the explanatory variables which capture

the “ruthless” financial motivation. Some characteristics of the households and some

macroeconomic variables are also used to control the “trigger event” eect.

I use a simulation-based two-stage estimating method to estimate the dynamic

model. In the first stage, the policy functions and the state transitions are estimated.

In the second stage, the results from the first stage estimation are plugged in. The

choice specific ex post value functions are recovered from the policy function, the ex

ante value functions for the future are simulated, and the parameters in the dynamic

model are estimated.

The dynamic model is more complicated for computation than the conventional

static models. So one important task is to check whether the dynamic model can

give a more precise prediction of mortgage termination than the conventional static

models do, i.e. is it worthwhile to use the dynamic model. I compare the predicting

ability of the conventional static models and the dynamic model within the sample

data, and the result turns out that the dynamic model gives a better prediction than

the conventional static models.
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2 Literature Review

2.1 Conventional Empirical Models for Mortgage Default

and Prepayment

Deng, Quigley and Order (2000) and Deng (1997) use Proportional Hazard Model

(PHM) to analyze the households’ choices of default and prepayment for their mort-

gages. Kau, Keenan and Li (2011) use a shared-frailty survival model to analyze the

mortgage termination risk with a control for unobserved heterogeneity. Calhoun and

Deng (2002) apply the Multinomial Logit Model (MLM). An, Clapp and Deng adds

“selling the house” into the set of choices for each period, so the set now includes

four elements: default, refinance, sale and continue to pay the mortgage. It assumes

sale is correlated with default, and estimates the Nested Multinomial Logit Model

(NMLM) with a control for the omitted mobility characteristics. Clapp, Goldberg,

Harding and LaCour-Little (2001) compares the results of MNL and Cox PHM for

the choices of refinance, move and default. Clapp, Deng and An (2006) compares

the results of MNL, PHM, Mass-Point Mixed Logit (MML), and Mass-Point Mixed

Hazard (MMH).

All the estimations in the papers above are static. In their models, the households

do not form expectations about future economic conditions based on the historical

and current economic state variables. Those papers fail to take into account that

the households’ expectation about future could aect their current choices of default

and prepayment. On one hand, if a household chooses to default, then he forfeits

the opportunity to exercise either default or prepayment option in the future. It is
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hard for them to get a new mortgage to exercise either default or prepayment option

in the future because their credit record is ruined by their current default. On the

other hand, if a household chooses to prepay the current mortgage and refinance

a new one, they still have the opportunity to exercise either default or prepayment

option to their new mortgage. However, each time they refinance, there is a fixed

cost.

There are several reasons why the households’ expectation about future matters

when they are making decisions of default, refinance, or continuing to make payment.

First, suppose at current period the interest rate is attractively low and prepayment

option is valuable, if the household forecast that the interest rate will drop further,

they may wait rather than prepay at current period. It is true that after refinance

at current period they still can refinance again in the future if the interest rate

drops further. However, each time they refinance, they need to pay a fixed cost,

including prepayment penalty, application fee for the new loan, and appraisal fee

for their house. Second, suppose at current period the housing price is low and

the household’s house is deeply under water, if they forecast that the housing price

will go back in the future, they may not default. Third, suppose at current period

the household’s house is deeply under water, if they forecast that the non-housing

inflation is going to be higher and more volatile in the future, they may not default.

If default, they get out of their mortgage, lose their house and rent another place,

then they will have higher exposure to inflation risk. Holding a fixed rate mortgage

is a kind of hedging against inflation risk. Owning a house rather than renting can

also somewhat hedge against inflation risk because rental expense is correlated with
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inflation.

2.2 Theory of Option Pricing for the Embedded Options in

Mortgage

There are two options embedded in a mortgage: a put option for default, and a

call option for prepayment. Both of the two options are American options because

the household can default or prepay any time they want. Kau, Keenan, Muller and

Epperson (1995) derives the fundamental partial dierential equation for the value

of mortgage.
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whereM is the value of the mortgage, r is market interest rate, H is the property

value. 2r and 
2
H are the volatilities of interest rate and housing price respectively.

The borrower’ s expectation for the future interest rate and housing price follow the

stochastic processes described below:

dH
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dr = (  r)dt+ r

rdzr (3)

After solving the partial dierential equation numerically, we can find the deci-
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sion rule for the household to prepay or default as a function of time, interest rate

and property value. Although this Black & Scholes’ style option pricing theory is

very nice, it still has a large gap to the reality in the real estate finance industry.

First, it does not take into account the transaction cost. Black & Scholes’ option

pricing theory may works well in the stock market because the transaction cost in

the stock market is relatively low. But the transaction cost in the real estate market

is very high. Second, it fails to take into account the reputation cost of default.

Third, it only takes into account the “ruthless” financial motivation of default and

prepayment, but other “trigger events”, such as unemployment, job change and di-

vorce can also aect the probability of mortgage terminations. Forth, in the model,

the households’ expectation about interest rate and housing price in the future only

depends on current interest rate and housing price, no other fundamental economic

variables, such as GDP, income, unemployment, inflation. However, these funda-

mental economic variables do give people a lot of important information to forecast

the movement of interest rate and housing price in the future.

2.3 Econometric Methodology for Estimating DynamicModel

There are several papers that develop the econometric methodology for estimating

dynamic model. Rust (1987) analyzes the problem of optimal replacement of bus

engines in an infinite horizon dynamic discrete choice setting. It uses the nested

fixed point algorithm to estimate the value function as the unique solution to Bell-

man’s equation. Pakes (1986) analyzes the firms’ patent renewing behavior. To avoid

the heavy computational burden of the nested numerical solution of the value func-
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tion, Hotz & Miller (1993) develop an alternative method called conditional choice

probability (CCP) estimator and apply it to estimate a dynamic model of parental

contraceptive choice and fertility. Carranza and Navarro (2010) apply the methodol-

ogy of estimating the dynamic models into the problem of mortgage default choice.

Bajari, Benkard and Levin (2007) develop a two-stage algorithm for estimating dy-

namic games. In the first stage, the policy functions and the law of motion for the

state variables are estimated. In the second stage, the remaining structural para-

meters in the dynamic model are estimated. The method used in the second stage

estimation is a simulated minimum distance estimation, which requires simulating

all the periods ahead. Bajari, Chu, Nekipelov and Park (2011) develop another

two-stage algorithm which only requires simulating one period ahead. The empirical

example in that paper is also about the dynamic discrete choice of mortgage default

and prepayment.

My paper mainly applies the econometric methodology of estimating dynamic

models developed in Bajari, Chu, Nekipelov and Park (2011). There are two major

dierences between that paper and my paper. First, I include the measures of the

default option value and the prepayment option value as regressors in the first stage

policy function estimation. Second, I use more complicated model to estimate the

state transitions in the first stage, such as the error correction model. Third, I

compare the predicting ability for the mortgage termination behavior between the

conventional static models and the dynamic model.
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2.4 Housing Price Dynamics

In housing literature there are a lot of papers use the error correction model to es-

timate the housing price dynamics, such as Capozza, Hendershott & Mack (2004),

Abraham & Hendershott (1996), Gallin (2006), Mapezzi (1999), and Capozza, Hen-

dershott, Mack & Mayer (2002). Engle & Granger (1987) provides the econometric

techniques for testing the co-integration and estimating the error correction model.

3 The Model

3.1 The Setting

At each period, the household has three choices: default, prepay and continue to pay,

i.e., at each period t the household i need to choose a decision ai,t = k  {d, p, c},

where {d, p, c} the action set that consists of default, prepay and continue to pay.

There are two options embedded in a mortgage. First, default choice is a put

option. A proxy for the intrinsic value of the put option for default is defined in

equation (4). balancei,t is the unpaid balance for the mortgage of household i in

period t. pricei,t is the value of the house of household i in period t. If the house

value is below the unpaid mortgage balance, then the house is under water and the

household has the financial incentive to default.

defaultOpti,t = balancei,t  pricei,t (4)

Second, prepayment choice is a call option. A proxy for the intrinsic value of the
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put option for prepayment is defined in equation (5). rmt is current market average

mortgage interest rate at period t. rci is the coupon rate of the existing mortgage

for household i. PAY ()s’ are the scheduled payment flow in the future. The first

term can be viewed as the market value of the mortgage, while the second term is

the unpaid balance.

prepayOpti,t =
T

=t

PAY ()


1

1 + rmt

t


T

=t

PAY ()


1

1 + rci

t
(5)

Within the category of prepayment, there could be three dierent events: re-

finance, selling the house, and prepayment without refinance and sale. My loan

performance data can only identify prepayment without distinguishing the three dif-

ferent events. So if I use the measure for the intrinsic value of the prepay option

defined in equation (5), I need to assume that people who prepay the mortgage must

refinance. Ignoring the possibility of prepayment without refinance and sale is not

seriously problematic. First, if a household do not prepay the mortgage through

refinance, they need to use their money from other accounts. The interest rate of

other accounts could be correlated with the mortgage market interest rate. As the

result, the intrinsic value we calculate for prepayment option could still be somewhat

correct. Second, because the households in my data set are all low-moderate income

first time home buyers, it is dicult for them to prepay their mortgages without

refinance or sale. Ignoring the sale event could be somewhat problematic. On the

one hand, the benefit of refinance could aect the choice of sale. A household with a

higher mortgage coupon rate relative to current market rate has more incentive for

sale. A household with a lower mortgage coupon rate relative to current market rate
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may want to delay the moving because of the “lock-in” eect. In this aspect, the

measure for prepayment option is still valid for the sale event. On the other hand,

however, mobility as an adjustment to a new housing demand is also important in

the sale decision. Unemployment and better job opportunity in other places as the

location decision factors could aect people’s sale and move decision. Divorce and

family size change could also trigger sale and move decision as a response to housing

disequilibrium. In this aspect, the measure for prepayment option is not quite ac-

curate for the sale event. Some literature, such as Deng, Quigley and Order (2000),

use state level unemployment rate and divorce rate to control the omitted mobility

characteristics. Some other literature, such as An, Clapp and Deng (2010), purchase

the housing transaction data and match them with the loan performance data to

identify refinance and sale.

Equation (4) and equation (5) above are just the proxies for the intrinsic value

of the options, rather than the exact true intrinsic value of the options. First, they

do not take into account people ’s reputation cost and transaction cost which are

not observable. Second, rmt is the average market rate. The unobservable individual

interest rate that a household can get if they apply to refinance could deviate from

the market average rate. A household with high credit score could get low interest

rate relative to the market average rate. I use the household’s credit score as part

of the individual specific eect to control this deviation. Third, once a household

prepay, they will disappear from my loan performance data. I can not observe the

payment flow of their new mortgage. In equation (5), PAY ()s’ in the first term are

the same to those in the second term. The underlying assumption for this measure

11



is that the payment flow of the household’s new mortgage is the same to that of the

old mortgage. Because the current interest rate is lower, with the same payment flow

in the future, the money they can raise now from the new mortgage is more than the

unpaid balance of their old mortgage. After prepaying the old mortgage, there is still

some money left that can be use for consumption, investment or house expenditure.

In reality, some people borrow more money from refinance than the unpaid balance

of their old mortgage, which is called " cash out". Some other people refinance with

out cashing out, just to reduce the monthly payment for the future.

3.2 The Household’s Problem

The choice specific period utility for household i in period t is a function of the

state variables si,t. The error terms ki,t (k  {d, p, c}) follow type I extreme value

distribution.

Uki,t(si,t) = u
k
i,t(si,t) + 

k
i,t, k  {d, p, c} (6)

The dynamic programing problem facing the household in each period is as follows

max
k{d,p,c}





uki,t(si,t) + E


Vi,t+1(s

k
i,t+1) | ai,t = k, si,t


  

+

vki,t(si,t)

ki,t





(7)

Because of the assumption that the error terms follow type I extreme value dis-

tribution, the equilibrium probabilities of default, prepay and continue to pay given
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the state variables si,t are as follow:

di,t(si,t) = Pr(ai,t = default) =
exp


vdi,t(si,t)




k{d,p,c}

exp

vki,t(si,t)

 (8)

pi,t(si,t) = Pr(ai,t = prepay) =
exp


vpi,t(si,t)




k{d,p,c}

exp

vki,t(si,t)



ci,t(si,t) = Pr(ai,t = continue) =
exp


vci,t(si,t)




k{d,p,c}

exp

vki,t(si,t)



By Hotz-Miller inversion, we have

vpi,t(si,t) v
d
i,t(si,t) = log


pi,t(si,t)

di,t(si,t)


(9)

vci,t(si,t) v
d
i,t(si,t) = log


ci,t(si,t)

di,t(si,t)



3.3 The State Transitions

I have two models for the state transitions for the macroeconomic state variables (in-

cluding market mortgage interest rate, housing price index, income per capita, GDP,

CPI and so on): one is Vector Autoregression (VAR), the other is Error Correction

Model (ECM). I assume the households forecast the future macroeconomic variables

based on these state transition models.

For VAR, as described in (10), I use the reduced form VAR rather than the

structural VAR, where the right hand side does not contain the contemporaneous
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macroeconomic variables for period t+1, so it could allow we forecast the future based

on what we know right now. yt+1 are the vector of the interested macroeconomic

variables, t+1 is the vector of the error terms, a is a column vector, and Al are

matrices. Before the estimation of VAR, the unit root tests are performed, and the

necessary first order dierences are taken, and the Granger Causality tests are also

performed to decide whether the lags of one variable should enter the equation for

another variables.

yt+1 = a+
n

l=0

Alytl + t+1 (10)

Because some macroeconomic variables are not stationary based on the result of

the unit root tests, we need to take dierence. However, dierencing could throw

away some information, especially the comovements of the data. As the result, I

also estimate the error correction model as described in equation (11). y(1)t is the

first element of the macroeconomic variable vector, for example, the housing price

index. y(1)t is the long run equilibrium value of y(1)t estimated from the long run

relation regression.  is a column vector, and l are matrices. The first term on

the right hand side causes the reversion to the fundamental equilibrium values. The

second term on the right hand side is the serial correlation. Before the estimation of

the error correction model, the Engle-Granger cointegration test and the Johansen

cointegration test are performed.

yt+1 = (y
(1)
t  y(1)t ) +

n

l=0

lytl + t+1 (11)
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After I estimate the state transitions for the macroeconomic state variables, I

compute the individual state variables as the functions of the macroeconomic state

variables, as described in (12). Then I can get the state transitions for the individual

state variables. For example, the individual property value at period t is equal to

the appraised value at the origination of the mortgage multiplied by the MSA level

housing price index at period t and divided by the MSA level housing price index at

the period of the origination.

si,t = fi(yt) (12)

Currently, I assume the households forecast the future macroeconomic variables

based on the state transition models estimated using the data of the whole horizon.

In the future, I will try to estimate the state transition models with rolling windows.

The way the households forecast the future macroeconomic variables at period t is

based on the state transition models estimated using the data within a rolling window

before period t.

4 The Econometric Methodology

The econometric methodology used here are mainly following Bajari, Chu, Nekipelov

and Park (2011), which is a simulation based two-stage estimation. The consistency

of the estimators are also proved in Bajari, Chu, Nekipelov and Park (2011).
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4.1 The First Stage Estimation

The policy functions of the probabilities of default, prepay and continue to pay

given the state variables, ki,t(si,t), k  {d, p, c}, are estimated by the multinomial

logit regression in the first stage. Dierent specific forms for ki,t(si,t) are estimated,

such as linear, quadratic, and segmented regression. I will try the non-parametric

estimation in the future. To make the result of the first stage estimation comparable

with the conventional literature, I choose "continue to pay" as the reference choice

and normalize the payo of that choice equal to zero.

4.2 The Second Stage Estimation

In equation (13), uki,t(si,t) is the choice specific period utility, v
k
i,t(si,t) is the choice

specific ex post value function. Vi,t(si,t) is the ex ante value function after taking the

expectation with respect to the error terms.

Vi,t(si,t) = E max
k{d,p,c}





uki,t(si,t) + E


Vi,t+1(s

k
i,t+1) | ai,t = k, si,t


  

+

vki,t(si,t)

ki,t





(13)

If a household chooses continue to pay or refinance, he still need to make decision

of default, refinance or continue to pay in future periods. But once the household

chooses default, he will get stuck in the default state and no longer face the problem

of making decision of default, refinance or continue to pay in the future. So default

is an absorbing action. As the result, I set E

Vi,t+1(s

k
i,t+1) | ai,t = d, si,t


= 0 if the
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household chooses default in period t. I also normalize the period utility of default

udi,t(si,t) = 0. Consequently, we have the choice specific ex post value function for

default vki,t(si,t) = 0. Then equation (9) becomes equation (14), where ki,t(si,t)

(k  {d, p, c}) are the result plugged in from the first stage estimation. Equation

(14) means the choice specific ex post value functions for default and prepayment

can be recovered by the policy functions estimated in the first stage.

vpi,t(si,t) = log


pi,t(si,t)
di,t(si,t)


(14)

vci,t(si,t) = log


ci,t(si,t)
di,t(si,t)



Given the extreme value assumption for the error terms, the ex ante value function

can be written as equation (15).

Vi,t(si,t) = log


1

di,t(si,t)


(15)

Now, given si,t and the household chooses action ai,t = k  {p, c} at period t, I

simulate ski,t+1 forM times. The simulations are based on the result of the estimation

of the state transition model. For each simulation, recover the ex ante value functions

of period t+1 after the household choose to prepay or continue to pay in period t by

equation (16). Then I average all the simulations to get the expected ex ante value

of period t+ 1 at period t, E

Vi,t+1(s

k
i,t+1) | ai,t = k, si,t


, k  {p, c}.
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Vi,t+1(s
k
i,t+1) = log


1

di,t+1(ski,t+1)


, k  {p, c} (16)

Finally, I run OLS regression on equation (17). When estimating the dynamic

choice model, the discount factor  is not generically identifiable. What people do is

to set a value for , such as 0.995, and estimate the other parameters. In equation

(17) vpi,t(si,t) E

Vi,t+1(s

p
i,t+1) | ai,t = p, si,t


and vci,t(si,t) E


Vi,t+1(s

c
i,t+1) | ai,t = c, si,t



are the dependent variables on the right hand side. I set dierent values for  to

check the sensitivity of the estimated value of other parameters on the change of .

vpi,t(si,t)  E

Vi,t+1(s

p
i,t+1) | ai,t = p, si,t


= upi,t(si,t) + 

p
i,t (17)

vci,t(si,t)  E

Vi,t+1(s

c
i,t+1) | ai,t = c, si,t


= uci,t(si,t) + 

c
i,t

5 Data and Descriptive Statistics

5.1 The Loan Performance Data

The loan performance data comes from the Ohio Housing Finance Agency (OHFA).

There are 26657 mortgages closed between 2005 and 2008 which are all borrowed

by low-moderate income first time home buyers with 30-year fixed interest rate.

The data contains the monthly payment history through March 2011. As shown in

Table 1, during this horizon, 10.19%% of these borrowers prepaid, 12.12% defaulted,

27.21% are delinquent. The data includes the information of the borrowers’ credit
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score, monthly income and appraised property value at origination, but does not

trace the change of them over time. The data also contains the information of

the mortgages such as coupon interest rate, loan amount and initial LTV, and the

demographic information of the households such as family size, location and ethnicity.

The descriptive statistics of important variables are displayed in Table 2.

5.2 The Macroeconomic Data

To supplement the loan performance data, I use the monthly, MSA level and non-

seasonally adjusted housing price index in Ohio State from Freddie Mac Housing

Price Index. The mortgage market interest rate data comes from Freddie Mac Pri-

mary Mortgage Market Survey (PMMS), which is monthly and non-seasonally ad-

justed. I also get the monthly MSA level unemployment rate and labor force data

from Bureau of Labor Statistics (BLS). The Ohio State level quarterly personal in-

come data is obtained from Bureau of Economic Analysis (BEA). I transform them

into monthly data by interpolation. I also get the monthly national level CPI from

Bureau of Labor Statistics (BLS).

6 The Empirical Result

6.1 The First Stage Estimation: The Policy Functions

TABLE 3 display the result of the first stage estimation for the policy functions in

quadratic form. The probability of default is increasing in the embedded put op-

tion value for default which is consistent with the strategic default behavior. The
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quadratic term is also significant which suggest that there is nonlinearity. The prob-

ability of default is decreasing in the income in that the higher the household earns,

the less likely the budget constraint binds to make them unable to pay the mortgage.

It is also decreasing in the credit score.

The probability of prepayment is increasing in the embedded call option value

for prepayment. The quadratic term is also significant which suggest that there is

nonlinearity. I use the market mortgage interest rate index from Freddie Mac to

compute the call option value of prepayment for every household. However, the ac-

tual interest rate each household can get for refinance may deviate from that. If a

household’s credit score is high, they can get lower interest rate which makes the

call option value for them higher than I computed. As the result, the probability

of Prepay should be also increasing in the credit score. The significantly positive

coecient of credit score for prepayment choice is consistent with that fact. The

household with higher income are more likely to aord the fixed cost of refinance,

including prepayment penalty of the old mortgage, application fee for the new mort-

gage, and appraisal fee for their house. In this sense, the probability of prepayment

should be increasing in income. However, the coecient of income is insignificant

here, though positive. In the estimation of some other forms of the policy functions,

that coecient is significant.

If a household choose to default, they only get the default option value, with

none of the prepayment option value. If a household choose to prepay, they only

get the prepayment option value, with none of the default option value. However,

in TABLE 3, the coecient of prepayment option value in default equation and the
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coecient of default option value in prepayment equation are also significant, rather

than insignificant, and not practically close to zero. The reason for this is that it is

the first stage reduced form regression. In this reduced form regression, we kind of

omit the variable of the expected value for the future. The expected value for the

future is a function of the default option intrinsic value and the prepayment option

intrinsic value in future period, which is correlated to those in current period. So if

we omit the variable of the expected value for the future, we will overestimate the

coecients of the default option intrinsic value and the prepayment option intrinsic

value in current period.

TABLE 4 displays the result of the first stage estimation for the policy functions

with the explanatory variables recoded to categorical values. The coecients of the

categories of the default option value in the default equation are increasing, and

the coecients of the categories of the prepayment option value in the prepayment

equation are also increasing. The coecients of the categories of credit score in the

default equation are decreasing, and those in the prepayment equation are increasing.

All of those are consistent with what we expect.

In TABLE 3, I regress on the household’s total income. In TABLE 4, I regress

on the interaction term between the average income per person of the household

and the family size dummies. If we only regress on the household’s total income,

we will ignore the eect that a larger family has higher expenditure which makes

them more likely to default. If we only regress on the average income per person of

the household, we will neglect the sharing eect within a family. Suppose a family

consisting of a single with $3000 monthly total income and a family consisting of a
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couple with $6000 monthly total income, the average income per person for the two

families are the same, but we should think the couple are richer because they can

share a lot of the expenditure. As shown in TABLE 4, the coecient of the average

income per person is increasing in the family size. I also regress on “Dhsize>4” which

is the dummy variable for the households of which the family size are bigger or equal

to 4. This is to control the eect that larger families may be less likely to default

because of higher moving cost and rental cost. If a family defaults, they need to

move and rent another place. If the family is big, especially with children or seniors,

the moving cost is high. Moreover, if the family is big, they need to rent a place with

larger area and more bedrooms, so the rent will be high, which makes the default

option less attractive. As displayed in TABLE 4, the coecient of “Dhsize>4” is

negative, but only significant at 15% level.

TABLE 5 displays the result of the first stage estimation for the policy functions

by segmented regression. The segment regression allows the slopes of the default

option value and the prepayment option value to be dierent across dierent intervals.

As can be seen from TABLE 5, the magnitude of the slope of the default option value

in the default equation is decreasing. The magnitude of the slope of the prepayment

option value in the prepayment equation is low when the prepayment option value

is negative, and it jumps to a high value after when the prepayment option value

becomes positive, then starts decreasing.
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6.2 The First Stage Estimation: The State Transitions

TABLE 6-1 displays the result of VAR (1) for the state transitions in Cleveland.

TABLE 6-2 displays the result of the long run relation regression of the MSA level

macroeconomic variables for the error correction model. The dependent variable is

the log of housing price index for each Metropolitan Statistical Area (MSA). As can

be seen, for most MSAs, the housing price index is increasing in income per capita

and CPI, and decreasing in unemployment rate and mortgage interest rate. One

explanation for why the housing price index is decreasing in mortgage interest rate

is, if the interest rate is low, more people would like to borrow money to purchase

house, so the housing price will be high.

6.3 The Second Stage Estimation

I have two specifications for the second stage estimation. The first specification only

allows the period utility to contain flow variables, such as monthly payment and

monthly income. The underlying structural model for this specification is that the

household are maximizing their utilities over life cycle, where the period utility is a

function of consumption. The second specification allows the period utility to also

contain the default option value and the prepayment option value. The underlying

structural model for this specification is like that the household is maximizing the

total net present value (NPV) of investments each period over the term of their

mortgage, say 30 years. In each period, there are two projects they can take, default

and prepayment. Each of the two projects can give them cash flows in the future

periods, and they can estimate the NPV of these cash flows in the current period. If
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they take the default project at current period, they can no longer take any project

in the future. If they take the prepayment project at current period, they can still

take other prepayment projects in the future periods. But each time they take

the prepayment project, there will be a fixed cost. At each period, the household

is making choice of taking project to maximize the total possible NPV over the

remaining term of the mortgage.

TABLE 7 displays the result of the second stage estimation with only the flow

variables in the period utility function. The probability of choosing continue to pay

over default is significant negative, the probability of choosing prepay over default is

also significant negative. They are consistent with the fact that the more the monthly

payment is, the more likely the household defaults. The coecients of income in the

both equations are all significant positive, which is also consistent with the fact that

the high the monthly income is, the less likely the household defaults. The coecients

of credit score are all significantly positive in the both equations, which is consistent

with the intuition that the higher the credit score is, the less likely the household

defaults. Those coecients are also not sensitive to the change of .

TABLE 8 displays the result of the second stage estimation with the default

option value and the prepayment option value in the period utility function. The

utility of continue to pay versus default is decreasing in the embedded put option

value for default which is consistent with the strategic default behavior, while the

utility of prepay versus default is increasing in the embedded put option value for

default which is consistent with the strategic prepayment behavior. Moreover, the

coecient of prepayment option value in the equation of continue to pay versus
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default is practically close to zero, though significant, which is consistent with the

intuition that the utility of default choice has nothing to do with the prepayment

option. This is a fact showing that the dynamic estimation in the second stage

gives better result than the conventional static estimation in the first stage where

the coecient of prepayment option value in the equation of default is significant

and not close to zero. In TABLE 8, the coecient of default option value in the

equation of prepay versus default is significant rather than insignificant, which is

normal because this equation is prepay versus default, rather than prepay versus

continue to pay.

6.4 Comparing the Predicting Abilities across the Models

The dynamic model is more complicated for computation than the conventional static

models. So one important task is to check whether the dynamic model can give a

more precise prediction of mortgage termination than the conventional static models

do, i.e. whether it is worthwhile to use the dynamic model. Since each model could

give an estimated probability of household i at period t to choose action k, I set the

thresholds for each model to let them predict the same number of households choosing

default or prepayment to the real data. Then I can find which model gives higher

number of households whose default or prepayment action are correctly predicted. In

TABLE 9, column 2 shows the percent of correctly predicted default (prepayment)

households among the actual default (prepayment) households. Column 3 shows

the percent of the default (prepayment) households for whom the predicted time to

default (prepay) is within 3 months away from their actual default (prepayment)
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time. Column 4 is within 6 months, and column 5 is within 1 year. We find that the

dynamic model gives better predictions than the conventional static models.

7 The Econometric Issues

First, In TABLE 7 and TABLE 8, the standard errors of the coecients are very

small, which cause the P-value close to zero. This may not be true. Because this is a

two-stage estimation, the results plugged in from the first stage to the second stage

already contain errors. As the result, we need to use the bootstrapping method to

give a better estimation for the standard errors of the estimators. I will do that in

the future.

Second, in the first stage estimation, one of the explanatory variables, the default

option value, is a function of the housing price, i.e. the housing price can aect

people’s decision of default. However, people’s decision of default can also aect

the housing price. If the error term contain some omitted macroeconomic variables

which can aect the housing price, then we will have the endogeneity problem. In the

future I will add more MSA level macroeconomic variables, such as unemployment

rate and income per capita, in the first stage estimation to reduce the endogeneity.

Third, I assume the choice specific error terms ki,t (k  {d, p, c}) follow the type

I extreme value distribution and are independent across dierent choices. However,

in reality they may be correlated across dierent choices. So in the future I will use

nested multinomial logit regression (NMNL) in the first stage estimation.

Forth, the current market interest rate is an index obtained from Freddie Mac.
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The interest rate available to individual household may deviate from that. When

we compute prepayOpti,t =
T

=t

PAY ()


1
1+rmt

t


T

=t

PAY ()


1
1+rci

t
, as it

becomes closer to the maturation, the prepayOpti,t will be less sensitive to the devi-

ation of individual interest rate from the market interest rate, which causes ki,t has

heteroskedasticity problem over time. I will extend the model to deal with that.

Fifth, we could think pay and refinance as choices made monthly, but it would

be problematic if we think default the same way. Default may be a longer time

decision, and there can be several times of delinquency before default. In the future

I will make use of the variables of delinquency.

8 Conclusion and Future Research Plan

The probability of default is increasing in the embedded put option value for default,

which is consistent with the strategic default behavior. It is decreasing in the income

in that the higher the household earns, the less likely the budget constraint binds to

make them unable to pay the mortgage. It is also decreasing in the credit score. It

is more sensitive to the change of average income per person when the family size is

bigger which suggests that family members do share goods each other.

The probability of prepayment is increasing in the embedded call option value

for prepayment, which is consistent with the strategic prepayment behavior. It is

increasing in the credit score which is consistent with the fact that the household

with higher credit score is more likely to get an interest rate lower than the market

rate if refinance .
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In the first stage estimation, the coecient of prepayment option value in default

equation and the coecient of default option value in prepayment equation are also

significant and not close to zero. The reason for this is that, the first stage estimation

is reduced form, and we omit the variable of the expected value for the future, so we

overestimate the coecients of the default option intrinsic value and the prepayment

option intrinsic value in current period.

In the second stage estimation the coecient of prepayment option value in the

equation of continue to pay versus default is practically close to zero, which is con-

sistent with the intuition that the utility of default choice has nothing to do with the

value of prepayment option.

The second stage estimation (the dynamic model) give a more precise prediction

for mortgage termination behavior than the first stage estimation (the conventional

static model).

In the future, I will also try the following economic techniques to make the esti-

mation more perfect:

1. Use bootstrapping method to give a better estimation of the standard errors

for the estimators in the second stage.

2. Use nonparametric method to estimate the policy functions in the first

stage.

3. Allow correlation across the error term for each choice and use nested

multinomial logit (NMNL) in the first stage estimation.

4. Add more MSA level macroeconomic variables for the estimation of the

policy function in the first stage to reduce the endogeneity.
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5. Estimate the state transitions with rolling windows.

6. Perform the second stage estimation based on the error correction model

for the state transitions.

Moreover, in the future I will do the counterfactual analysis for government in-

tervention programs in mortgage market after the crisis. Questions to be answered

include:

1. How much will the default probability get reduced by the programs?

2. The default probability of what kind of households will get reduced signif-

icantly? Should we change the qualifying requirements for the eligible households?

3. How should the government design the incentive mechanism for both house-

holds and lenders to make them willing to participate the programs.
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Figure 1

( Source: http://www.calculatedriskblog.com )

Figure 2

( Source: http://www.calculatedriskblog.com )



TABLE 1: Prepayment, Default and Delinquency Rate

Prepayment Default Delinquency Total
Percent 10.19% 12.12% 27.21%

Frequency 2717 3232 7254 26657

TABLE 2: Descriptive Statistics for the Loan Performance Data

N Mean Std Min Max
Appraised Value of house at mortgage

origination ($1000)
26657 108.33 32.58 14 348

Loan Amount ($1000) 26657 105.63 31.763 14.03 267.86
LTV 26657 0.9770 0.0579 0.2459 1.1994

Mortgage Interest Rate 26657 5.86 0.4459 4.5 7.5
Monthly Payment ($1000) 26657 0.639 0.192 0.088 2.086

Credit Score 26024 682.7293 65.9651 456 850
Monthly Total Income ($1000) 26648 3.236 0.961 0.519 7.387

Family Size 26638 1.97 1.20 1 11
Monthly Income per Person ($1000) 26629 2.145 1.131 0.170 6.278
Prepay (Call) Option Intrinsic Value

($1000)
1132514 3.071665 10.7865 41.0674 71.4999

Default (put) Option Intrinsic Value
($1000)

1132514 6.7879251 5.55639 11.3646 45.5205

TABLE 3: 1st Stage Estimation for the Policy Functions with Quadratic Term

The reference choice = continue to pay

 Default Prepay 
Variable Estimate Std P-Value Estimate Std P-Value 

       
Intercept 1.7685 0.1904 0.0000 10.5738 0.2355 0.0000
prepayOpt 0.0136 0.0026 0.0000 0.1199 0.0044 0.0000
prepayOpt^2 0.0008 0.0002 0.0000 0.0010 0.0001 0.0000
defaultOpt 0.1070 0.0099 0.0000 0.0125 0.0088 0.1529
defaultOpt^2 0.0036 0.0005 0.0000 0.0001 0.0003 0.7697

income 0.1957 0.0204 0.0000 0.0038 0.0213 0.8599
credit 0.0113 0.0003 0.0000 0.0051 0.0003 0.0000



TABLE 4: 1st Stage Estimation for the Policy Functions with the Explanatory Variables Recoded to
Categorical Values

The reference choice = continue to pay

 Default Prepay 
Variable Estimate Std P-Value Estimate Std P-Value 
Intercept 5.7825 0.3627 0.0000 8.4816 0.3397 0.0000

prepayOpt($1000)       
<0 0 0

0-2.5 0.1716 0.0668 0.0102 0.6027 0.1338 0.0000
2.5-5 0.2028 0.0683 0.0030 1.0634 0.1176 0.0000
5-7.5 0.2235 0.0687 0.0011 1.5483 0.1026 0.0000
7.5-10 0.3088 0.0653 0.0000 1.7117 0.0970 0.0000
10-12.5 0.3529 0.0658 0.0000 1.9507 0.0930 0.0000
12.5-15 0.2387 0.0736 0.0012 2.2056 0.0914 0.0000
15-17.5 0.2670 0.0830 0.0013 2.4108 0.0930 0.0000
17.5-20 0.1101 0.1053 0.2957 2.5714 0.0972 0.0000
20-22.5 0.1270 0.1276 0.3195 2.8647 0.1003 0.0000
22.5-25 0.0446 0.1674 0.7900 2.9062 0.1115 0.0000
25-27.5 0.5369 0.2807 0.0558 3.0700 0.1225 0.0000
27.5-30 0.4396 0.3566 0.2176 3.1185 0.1441 0.0000

30- 0.4384 0.3200 0.1706 3.6449 0.1132 0.0000
defaultOpt($1000)       

<-3 0 0
-3 - 0 0.6585 0.3637 0.0702 0.0494 0.3364 0.8832
0-3 0.9714 0.3571 0.0065 0.2026 0.3230 0.5305
3-6 1.3326 0.3563 0.0002 0.2711 0.3213 0.3987
6-9 1.4603 0.3560 0.0000 0.2990 0.3204 0.3508

9-12 1.5355 0.3567 0.0000 0.3113 0.3208 0.3318
12-15 1.6318 0.3587 0.0000 0.3687 0.3219 0.2520
15-18 1.5096 0.3651 0.0000 0.4878 0.3241 0.1323
18-21 1.3629 0.3812 0.0003 0.4103 0.3302 0.2140
21-24 1.5627 0.4042 0.0001 0.3981 0.3439 0.2470

24- 1.6670 0.4235 0.0001 0.4793 0.3458 0.1657
Income($1000)       

Dhsize>4 0.2048 0.1394 0.1418 0.3538 0.2413 0.1426
avrgIncome*Dhsize1 0.2925 0.0255 0.0000 0.0368 0.0244 0.1313
avrgIncome*Dhsize2 0.4939 0.0474 0.0000 0.0623 0.0466 0.1812
avrgIncome*Dhsize3 0.5348 0.0713 0.0000 0.0769 0.0782 0.3255
avrgIncome*Dhsize>4 0.4058 0.1528 0.0079 0.1320 0.2572 0.6078

credit       
<600 0 0

600-650 0.3354 0.0448 0.0000 0.1268 0.0946 0.1800
650-700 0.9286 0.0510 0.0000 0.4188 0.0893 0.0000
700-750 1.5144 0.0667 0.0000 0.7388 0.0885 0.0000
750-800 2.2884 0.0995 0.0000 0.8123 0.0897 0.0000
800-850 2.5683 0.2912 0.0000 0.8029 0.1350 0.0000



TABLE 5: 1st Stage Estimation for the Policy Functions by Segmented Regression

The reference choice = continue to pay.

 Default Prepay 
Variable Estimate Std P-Value Estimate Std P-Value 

 
Intercept 4.8718 0.0955 0.0000 7.7889 0.1414 0.0000

prepayOpt($1000)
<0 spline 0.0098 0.0058 0.0903 0.0921 0.0132 0.0000
0 10 spline 0.0251 0.0061 0.0000 0.1342 0.0089 0.0000
10 20 spline 0.0181 0.0090 0.0430 0.0840 0.0072 0.0000
20 30 spline 0.0603 0.0244 0.0134 0.0618 0.0098 0.0000
>30 spline 0.0737 0.0903 0.4142 0.0429 0.0152 0.0046

defaultOpt($1000)
<0 spline 0.1281 0.0585 0.0284 0.0149 0.0613 0.8086
0 6 spline 0.1006 0.0130 0.0000 0.0231 0.0160 0.1482
6 12 spline 0.0318 0.0105 0.0025 0.0057 0.0111 0.6089
>12 spline 0.0149 0.0110 0.1757 0.0131 0.0072 0.0686

Income($1000)
Dhsize>4 0.2114 0.1396 0.1298 0.3474 0.2411 0.1496

avrgIncome*Dhsize1 0.2933 0.0256 0.0000 0.0392 0.0244 0.1088
avrgIncome*Dhsize2 0.4956 0.0477 0.0000 0.0677 0.0467 0.1468
avrgIncome*Dhsize3 0.5376 0.0717 0.0000 0.0674 0.0783 0.3894
avrgIncome*Dhsize>4 0.4004 0.1531 0.0089 0.1385 0.2569 0.5897

credit
<600 0 0

600 650 0.3369 0.0448 0.0000 0.1265 0.0946 0.1810
650 700 0.9297 0.0510 0.0000 0.4208 0.0893 0.0000
700 750 1.5163 0.0667 0.0000 0.7409 0.0885 0.0000
750 800 2.2892 0.0996 0.0000 0.8169 0.0897 0.0000
800 850 2.5683 0.2912 0.0000 0.8083 0.1350 0.0000

 



TABLE 6 1: the State Transitions VAR(1) for Cleveland

is the housing price index in Cleveland

   
Variable Estimate Std P-Value Estimate Std P-Value 

Intercept 
-

.0000761 .00005 0.128 .0004182 .0001876 0.026 
 .2733203 .0560165 0.000 .3399078 .2102965 0.106 
 .0278126 .0129166 0.031 .5554086 .0484914 0.000 

       
R-sq  0.1020   0.3301  

TABLE 6 2: the State Transitions Long Run Relations between MSA Level Macroeconomic Variabes

The dependent variables are log of MSA level housing price index.

The numbers in parentheses are the standard errors.

Log of Intercept Unemploy Income Interest CPI
Akron 5.3709 0.3071 0.3928 0.1261 0.2871

(2.4405) (0.0189) (0.2353) (0.0456) (0.3021)
Canton Massillon 4.2746 0.3673 0.3010 0.1156 0.4447

(2.6831) (0.0208) (0.2587) (0.0502) (0.3321)
Cincinnati Middletown 5.8453 0.1727 0.6137 0.0116 0.2723

(2.3462) (0.0182) (0.2262) (0.0439) (0.2904)
Cleveland Elyria Mentor 5.8087 0.2933 0.3960 0.1152 0.1976

(2.8276) (0.0219) (0.2726) (0.0529) (0.3500)
Columbus 4.2855 0.1894 0.4640 0.0269 0.4813

(2.1798) (0.0169) (0.2101) (0.0408) (0.2698)
Dayton 1.2427 0.2229 0.2513 0.0450 1.0259

(2.2235) (0.0172) (0.2143) (0.0416) (0.2752)
Lima 2.8058 0.1810 0.3174 0.0406 0.6272

(2.0838) (0.0161) (0.2009) (0.0390) (0.2579)
Mansfield 3.8910 0.4322 0.1965 0.1379 0.4649

(2.9941) (0.0232) (0.2886) (0.0560) (0.3706)
Sandusky 6.3943 0.3078 0.5058 0.1283 0.1751

(2.5486) (0.0197) (0.2457) (0.0477) (0.3155)
Springfield 3.2094 0.2739 0.1979 0.0973 0.5357

(2.2412) (0.0173) (0.2161) (0.0419) (0.2774)
Toledo 10.6893 0.3224 0.9520 0.0299 0.3504

(3.2840) (0.0254) (0.3166) (0.0614) (0.4065)
Youngstown Warren Boardman 0.2703 0.3065 0.1243 0.1461 0.8867

(2.1976) (0.0170) (0.2118) (0.0411) (0.2720)



TABLE 7: 2nd Stage Estimation with only the flow variables in the period utility function

Based on the segmented regression for the policy functions and VAR (1) for the state transitions in the
1st stage estimation. The reference choice = default.

 Continue to Pay Prepay 
Variable Estimate Std P-Value Estimate Std P-Value 

   
=0.999   

Intercept 12.0522 0.0083 0.0000 22.9186 0.0114 0.0000
pay 0.7357 0.0046 0.0000 0.1856 0.0063 0.0000

income 0.2030 0.0009 0.0000 0.1935 0.0012 0.0000
credit 0.0186 0.0000 0.0000 0.0235 0.0000 0.0000

   
System Weighted R-sq    0.5976 

 
 

=0.995   
Intercept 12.0135 0.0083 0.0000 22.8791 0.0113 0.0000

pay 0.7333 0.0046 0.0000 0.1807 0.0063 0.0000
income 0.2029 0.0009 0.0000 0.1934 0.0012 0.0000
credit 0.0186 0.0000 0.0000 0.0234 0.0000 0.0000

   
System Weighted R-sq    0.5986 

   
=0.99   

Intercept 11.9652 0.0082 0.0000 22.8297 0.0113 0.0000
pay 0.7302 0.0046 0.0000 0.1746 0.0063 0.0000

income 0.2028 0.0009 0.0000 0.1933 0.0012 0.0000
credit 0.0186 0.0000 0.0000 0.0234 0.0000 0.0000

   
System Weighted R-sq    0.5998 

   
=0.98   

Intercept 11.8685 0.0082 0.0000 22.7309 0.0113 0.0000
pay 0.7242 0.0045 0.0000 0.1624 0.0062 0.0000

income 0.2025 0.0009 0.0000 0.1932 0.0012 0.0000
credit 0.0185 0.0000 0.0000 0.0233 0.0000 0.0000

 
System Weighted R-sq    0.6022 



TABLE 8: 2nd Stage Estimation with the default option value and the prepayment option value in the
period utility function

Based on the segmented regression for the policy functions and VAR (1) for the state transitions in the
1st stage estimation. The reference choice = default.

 Continue to Pay Prepay 
Variable Estimate Std P-Value Estimate Std P-Value 

   
=0.999   

Intercept 12.1414 0.0074 0.0000 22.9221 0.0090 0.0000
prepayOpt 0.0006 0.0001 0.0000 0.0684 0.0001 0.0000
defaultOpt 0.0682 0.0001 0.0000 0.0413 0.0002 0.0000

income 0.1989 0.0007 0.0000 0.1692 0.0009 0.0000
credit 0.0188 0.0000 0.0000 0.0235 0.0000 0.0000

   
System Weighted R-sq    0.7488 

 
 

=0.99   
Intercept 12.0539 0.0073 0.0000 22.8323 0.0089 0.0000

prepayOpt 0.0006 0.0001 0.0000 0.0685 0.0001 0.0000
defaultOpt 0.0680 0.0001 0.0000 0.0412 0.0002 0.0000

income 0.1990 0.0007 0.0000 0.1699 0.0009 0.0000
credit 0.0187 0.0000 0.0000 0.0235 0.0000 0.0000

   
System Weighted R-sq    0.7516 

   
=0.98   

Intercept 11.9568 0.0073 0.0000 22.7325 0.0088 0.0000
prepayOpt 0.0007 0.0001 0.0000 0.0687 0.0001 0.0000
defaultOpt 0.0678 0.0001 0.0000 0.0411 0.0002 0.0000

income 0.1991 0.0007 0.0000 0.1707 0.0008 0.0000
credit 0.0186 0.0000 0.0000 0.0234 0.0000 0.0000

   
System Weighted R-sq    0.7548 

   
=0.97   

Intercept 11.8596 0.0072 0.0000 22.6327 0.0087 0.0000
prepayOpt 0.0008 0.0001 0.0000 0.0689 0.0001 0.0000
defaultOpt 0.0676 0.0001 0.0000 0.0410 0.0002 0.0000

income 0.1992 0.0007 0.0000 0.1715 0.0008 0.0000
credit 0.0186 0.0000 0.0000 0.0233 0.0000 0.0000

 
System Weighted R-sq    0.7579 



TABLE 9: Comparing the predicting accuracy between 1st stage estimation (conventional static models)
and 2nd stage estimation (dynamic models)

Model Choice Household within 3
months

within 6
months

within 12
months

1st Stage Est
(Segmented)

Default 21.57% 3.34% 6.62% 13.31%
Prepayment 13.47% 6.88% 8.39% 9.94%

2nd Stage Est
(flow)

Default 24.01% 5.27% 9.73% 16.71%
Prepayment 16.45% 8.62% 10.89% 11.88%

2nd Stage Est
(option value)

Default 23.12% 5.74% 10.13% 17.33%
Prepayment 17.43% 7.82% 9.77% 12.43%
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